A generalized analytical solution to the set of coupled energy balance equations governing heat transfer in a system comprised of uniform radius spherical particles, with nonuniform initial temperature, heated in a well mixed liquid with time varying temperature, is initially derived. Based on this solution, analytical equations describing the temperature evolution for both fluid and particles, during processing of liquid/particulate food systems in a typical aseptic processing line, consisting of a heating, a holding, and a cooling section, are explicitly given. Sample calculations, illustrating the effect of the convective heat transfer coefficient at the particle surface, as well as the overall heat transfer coefficient between the liquid and its surroundings, are included.
Introduction
During conventional in-container thermal processes, the food is first hermetically enclosed in an appropriate container (typically metal cans or glass jars) and then heat treated, according to a specified time-temperature schedule. The applied heat treatment is established in a very precise manner in order to inactivate the target microbial populations (and/or other undesirable agents) that may be present in the product, and therefore extend its shelf life to desirable levels, with minimal quality deterioration. An alternative approach is aseptic processing, i.e. a continuous operation applied for bulk foods processing, in which the product is heat treated first and then aseptically packaged in sterile containers (metal, composite, glass, paperboard laminates and plastic packages) [1] . It is generally accepted that food quality is better preserved in thermal processes characterized by high rates of heat transfer between the heating medium and the product [2] , due to the differential effect of temperature on the rates of microbial destruction and quality degradation by heat [3] . The high heat transfer rates achieved during aseptic processing can lead to better quality products (e.g. better texture, flavor, or color) compared to traditional canned products. Aseptic processes are commercially attractive because they possess key advantages such as improved product quality, independent of container size, ability to operate continuously, reduced operating cost, and convenience of use and the plethora of choices in terms of aseptic packages.
As with any thermal process, product safety is of primary importance and it can be assessed through evaluation of the F value of the process, defined here, in thermobacteriological terms, by eqn (1) [4] [5] [6] 
The F value summarizes the integrated time-temperature destructive effect of a thermal process on a heat labile substance (e.g. microbial spores or a quality attribute) in a single value. It can be defined as the time, at a constant temperature, T ref , that produces the same destructive effect as the actual thermal process. Product temperature, T , during the actual thermal process can be, and usually is, a function of processing time, as it is revealed in the integral of eqn (1) . Comparison of the F value of a process, with the time required to destroy a given percentage of the target microbial population, is the basis for thermal process design.
As suggested by eqn (1), the F value of a process can be calculated either through the integral evaluation from time-temperature data (physical-mathematical procedures), or the right-hand side of eqn (1) from concentration values at the beginning and the end of the process (in situ and time-temperature integrators [TTI] methods) [7] . Due to inherent difficulties in working with in situ or TTI procedures [8] , physical-mathematical methods are considered to be the most appropriate procedures when product temperature data can become available [9] .
A typical aseptic processing system, i.e. the system used to process the food and deliver it to the packaging system, consists of a heating, a holding and a cooling section. The product, with a controlled flow rate, enters the system through the heating section where it is heated to sterilizing temperatures. Then, in the holding section, the product is held for a time sufficient for sterilization, before going through the cooling section, where cooling of the product to filling temperature is achieved. In principle, any pumpable food can be processed aseptically. Nevertheless, the design of aseptic processes for heterogeneous foods, consisting of a carrier liquid containing discrete solid particles (e.g. a vegetable-based soup containing 1-cm sized potato cubes), is far more complicated compared to aseptic processes of homogeneous products. Targeting commercial sterility of the critical region of the solid particles has to overcome difficulties associated with temperature measurements on moving particles, convective heat transfer coefficient at the particle surface estimation, particle size and residence time distribution, as well as a number of critical control points that must be taken into consideration.
An aseptic process for foods containing particulates, and specifically for diced potato soup in a carrier of modified food starch, was developed, as a case study, by the National Center for Food Safety and Technology and the Center for Aseptic Processing and Packaging Studies and served as a framework for a validation study for filing with FDA [10] . The thermal process was based on the determination of the residence time distribution of the particles, mathematical modeling of the lethality (F value) for the fastest moving particle, validation of the model with inoculated pack studies, and the identification of the critical control points for the process. A number of articles dealing with the issues involved in designing aseptic processes for liquid/particulate foods can be found in a collection type of presentation in the literature [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] .
Mathematical modeling can be of value for any process. It can give insight to various aspects of the process, preventing unnecessary experimental effort. Referring to aseptic processing of liquid/particulate foods, where there are no conventional means available for particle temperature measurements [18] , prediction of product temperature, and especially, the temperature of the critical region of the critical particle, by mathematical modeling, is essential. It enables evaluation of the process F value, and therefore, assesses the efficacy of the process. The objective of this chapter is to present a mathematical model for temperature estimations during aseptic processing of particulate foods. An analytical solution for processing of spherical particles in a well-mixed carrier liquid will be given in sufficient details, and sample results, showing the effect of the heat transfer coefficients on product temperature histories, will be presented.
Mathematical analysis
The problem under investigation is predicting the temperature history of both fluid and discrete solid particles during thermal processing of liquid/particulate food systems. The liquid portion of the product (herein referred to as liquid) exchanges heat with an external medium (or its surroundings) as well as the contained solid particles (herein referred to as particles). Due to similarities, as far as heat transfer is concerned, the following analysis applies equally to both aseptic as well as conventional in-container processing in agitating systems. Basic simplifying assumptions for the mathematical description of this problem include the following:
1. Heat transfer within particles is purely by conduction. 2. The thermophysical properties for both fluid and particles are constant. 3. The overall heat transfer coefficient, between the liquid and its surroundings, as well as the convective heat transfer coefficient at the particle surface are also constant. 4. The temperature of the liquid is uniform. For the case of in-container processing, this suggests that the liquid temperature is uniform throughout the container, although it can vary with processing time. For continuous sterilization systems, we assume that the process is under steady-state conditions; every particle travels through the system at the same average longitudinal velocity as that www.witpress.com, ISSN 1755-8336 (on-line) of the fluid, and the fluid temperature does not vary within each cross-section of the processing system (e.g. radially within the tubular heat exchangers and holding tube). 5. Exchange of heat between the external medium and the particles, or among the particles themselves by direct contact is negligible.
Under the above assumptions, the particle temperature, T p , is governed by the following heat conduction eqn [22] :
subject to a convective boundary condition
and the appropriate initial condition (allowing for nonuniform initial product temperature). (All symbols are defined in the Nomenclature section of this chapter.) Neglecting the heat accumulation term in the wall separating the product from the external medium, an overall energy balance can be written, in one representation, as follows [23] :
Equation (4) calculates the rate of heat accumulated in the fluid as the difference between the rate of heat transferred between external medium and the fluid and the rate of heat accumulated in the particles. For continuous sterilization systems, according to the fourth assumption listed above, the position variable, z, along the length of the system can be correlated to the time variable, t, through the average longitudinal velocity of the product, u ave , as t = z u ave (5) Furthermore, note that according to the same assumption, the initial fluid temperature must be constant.
Equations (2) and (4), subject to the appropriate initial and boundary conditions, describe both the heating and the cooling cycle of an in-container sterilization process, as well as the heating, the holding, and the cooling section of an aseptic process. Differences though in the values of several constants, for example, in the overall or the convective heat transfer coefficient at the particle surface between different cycles can and do exist. Concerning the initial condition for the product temperature, we should notice here that the particle temperature profile at the end of each section represents the initial particle temperature distribution during the next processing section, thus making the problem rather complicated. Furthermore, the solution to the above system of differential equations, a coupled problem, represents a difficult task, since particle and fluid temperatures cannot be obtained independently. Several solutions, for given particle geometries, with or not additional www.witpress.com, ISSN 1755-8336 (on-line) assumptions, targeting in-container or continuous sterilization of liquid/particulate food products, have been presented in the literature.
In general, four approaches to the solution of the heat transfer equations have been identified in the published models:
(a) Use of prescribed liquid temperature profiles to solve for particle temperature [13, [24] [25] [26] [27] As can be expected, a variety of different assumptions, simplifications, and targeting systems (including particle geometry) are associated with the existing published models. In the remaining of this chapter, an analytical solution developed and used by Sawada [47] [48] [49] will be presented.
Generalized solution for spherical particles with nonuniform initial temperature heated in a variable temperature medium
The solution refers to isotropic spherical particles of uniform radius, heated in a well-mixed fluid of possibly time varying temperature, and allows for nonuniform initial particle temperature.
Governing equations
Equating the rate of heat accumulation in the particles to the rate of heat entering the particles through their surface, i.e.
and substituting the last term of eqn (4) for eqn (6) , while noting that, for equal diameter spherical particles, A pt = 3(1 − ε)V/R p , the system of the governing equations with the appropriate initial and boundary conditions can be written as
and
with the following initial
T f (t = 0) = T fi (10) www.witpress.com, ISSN 1755-8336 (on-line) and boundary conditions
Through the use of dimensionless variables and temperature differences,
and by defining the following parameters, (20) and
eqns (7)- (12) are reduced to eqns (22)- (27), respectively:
f (θ = 0) = 0 (25)
www.witpress.com, ISSN 1755-8336 (on-line) and p (r = 0, θ ) = finite (27)
Solution
Following a procedure described by Carslaw and Jaeger [22] , we first seek a solution * p , the sum of two functions, *
1 being the solution for the unit instantaneous spherical surface temperature source of radius r at time zero in an infinite medium, and 2 being the solution of the equation
which vanishes at time zero. * p satisfies the energy balance equation (eqn (23)) and the boundary conditions (eqns (26) and (27)).
The Laplace transforms of eqns (23), (24), and (29) are, respectively,
The subsidiary solution is of the form [22] 
Determining A such that eqn (33) satisfies eqns (30) and (31) simultaneously, we obtain, for 0 < r < r,
For r < r , r and r have to be interchanged in the first part of eqn (34) .
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Using the inversion and the convolution theorem [50] , the inversion is found to be *
The parameters C 1 (λ j ) and C 2 (λ j ) are given by
where λ j (j = 1, 2, . . .) are the positive roots of
Equation (35) holds for either 0 < r < r, or r < r . Taking a source of strength 4π(r ) 2 F(r )dr and integrating the first part of eqn (35) with respect to r from 0 to 1 we obtain the solution for p as
where we have interchanged the order of summation and integration assuming that the infinite series is uniformly convergent. Similarly, for the fluid temperature, the subsidiary solution due to the unit instantaneous spherical surface temperature source of radius r is *
The inversion is found as before, ending with the fluid temperature solution f as
Roots of the characteristic equation
A short discussion should be made concerning the roots λ j (j = 1, 2, . . .) of eqn (38) , which can be written as
A plot of the functions φ 1 (λ) and φ 2 (λ) defined through eqns (43) and (44) as
gives a graphical approach in approximating the roots of eqn (38) as the intersection of the curves of the two functions. Such a plot is shown in Fig. 1 www.witpress.com, ISSN 1755-8336 (on-line) m = 10, and n = 10. One can observe that within each interval from (k − 1)π to kπ (k = 1, 2, . . .) there lies always a root, while one additional root exists in the interval where the value of √ m + n is located (Fig. 1 ).
Study of aseptic processing of liquid/particulate foods
Equations (39) and (41) can be used to predict the temperature of the liquid and the particles during a particular process, based on the initial temperature distribution within the solid particles, F(r ), as well as the medium temperature evolution, m (τ ). For some special cases, depending on the exact form of the F(r ) and m (τ ) functions, eqns (39) and (41) can be integrated analytically and give closed form solutions.
In the remaining of the chapter we apply the generalized equations described so far to study the aseptic processing of liquid/particulate foods. The system we refer to is a typical aseptic line consisting of three sections: the heating, the holding, and the cooling section. The product is introduced to the system through the heating section (typically a scraped-surface heat exchanger using steam as heating medium) where the product temperature rises from its initial to a predetermined value. Next, the product travels through the holding section (holding tube), where, based on its longitudinal velocity, it spends the required time for thermal sterilization. In the holding tube product temperature might change due to thermal losses to the environment (air). After exiting the holding tube, the product goes through the cooling section of the system (a scraped-surface heat exchanger using water as cooling medium) where its temperature falls to a value according to the specifications. All processing conditions should be based on exact calculations, targeting a particular sterilization value.
The system to be analyzed operates under steady-state conditions and the product travels through each section with the same average longitudinal velocity, such that eqn (5) can be used to correlate processing time, t, with the position (length) within the system, z. In addition to the assumptions listed earlier, we further assume (in order to simplify the evaluation of the integrals) that 1. the external medium temperature within each section (heating, holding, and cooling) is constant; 2. the initial product temperature (before the product enters the heating section) is constant. This suggests that initial particle and fluid temperatures are constant and equal.
Heating section
Under the earlier assumptions, the equations that describe the temperature evolution during the heating of the product are obtained from eqns (39) and (41) for T pi = T fi , and constant heating medium (steam) temperature, i.e.
www.witpress.com, ISSN 1755-8336 (on-line) and T m = T st (46) Evaluating the integrals in eqns (39) and (41) we end up with
As usual, application of L'Hospital's rule gives the equation applicable at the center of the sphere. Note that in eqns (47) and (48) above, we explicitly used particle and fluid temperatures instead of temperature differences ( ). Furthermore, we introduced a superscript, 'h,' to several parameters (i.e. n h , Bi h , λ h j , and C h 1 (λ h j )) to indicate that these particular parameters refer to the heating section. We should mention here that system and process characteristics can be different in the various sections of the aseptic unit (e.g. the value of U o , the overall heat transfer coefficient between the liquid and its surroundings) and therefore several parameters appearing in the equations might correspond to different values. We use superscripts, 'H' and 'c,' for parameters referring to the Holding and the cooling section of the system.
Holding section
Mathematical description of product temperature during the holding section becomes more complicated, compared to the heating section, since particles enter the holding section, possibly, with an initial temperature distribution. Product temperature at the end of the heating section i.e. at time θ h , will serve as the initial product temperature for the holding section. Thus, as far as the initial particle temperature in the holding section is concerned, this will be the one calculated from eqn (47) for θ = θ h , different for each radial position within the particles. Concerning initial fluid temperature for the holding section, this will be constant, termed T H fi , obtained from eqn (48) for θ = θ h .
With the above remarks, and for
www.witpress.com, ISSN 1755-8336 (on-line) the equations for particle and fluid temperature in the holding tube are explicitly given as
Cooling section
Similar to the holding section, in the cooling section, i.e. for times θ ≥ θ H , for which
www.witpress.com, ISSN 1755-8336 (on-line) particle and fluid temperature are given by the following equations:
where, the I(λ c k , λ H i ) function has the same definition as the I(λ H i , λ h j ) one (see eqns (52) and (53)).
Sample calculations
A FORTRAN program was written, based on the equations presented in the earlier paragraphs (i.e. eqns (47) , (48), (50), (51), (55), and (56)), for time-temperature data generation. Sample calculations were performed for the operational and product parameters presented in Tables 1 and 2 . Liquid and particle temperatures, at the surface and the center, were calculated for each section (heating, holding, and cooling) of an aseptic unit. Various values for the overall and the convective heat transfer coefficient at the particle surface at the different sections were assumed. Based on finite difference approximations of the differential equations, two numerical models (a fully explicit and a fully implicit scheme) were used in a comparison study with very good agreement with analytical results [48] . Figures 2-4 show the effect of Biot number on the temperature profiles for given values of U o , at each processing section, whereas Fig. 5 presents data to illustratein comparison to Fig. 2 -the effect of U o . As can be understood from the boundary condition, eqn (11) , and the energy balance equation, eqn (8) , knowledge of heat transfer coefficients U o , and h p is essential in predicting time-temperature profiles in liquid/particulate systems. Nevertheless, a discussion on heat transfer coefficient determination is beyond the scope of this chapter. 
Conclusions
A generalized analytical solution for fluid and particle temperature predictions in a system comprised of uniform-sized spherical particles, heated in a well-mixed liquid with time varying temperature, was presented. The solution was used to simulate the heating, holding, and cooling sections of an aseptic processing unit. The presented model has potential application in the study and the design of both conventional in-container processes as well as aseptic processes of liquid/particulate foods. A number of parameters must be further taken into consideration for a complete mathematical description of liquid/particulate aseptic systems. Among them, the selection of appropriate values for the overall and especially the convective heat transfer coefficient at the particle surface is of particular importance in process design. Their effect on fluid and particle temperature evolution has been illustrated. Furthermore, the closed-form solution presented here can serve for estimation of heat transfer coefficients from experimental data. Another key issue refers to particle residence time distribution during the process. Time, a critical, but usually well-defined and controlled factor in traditional heat treatments of foods, becomes now a parameter with an inherited variability and high uncertainty. Residence time distribution during aseptic processing could make calculations rather complex and should be properly addressed.
Despite its generalized nature, the analytical solution presented in this chapter carries with it all the limitations originated from the assumptions imposed by the governing equations. Limitations, for example, arise from the assumed particle spherical geometry, or the constant values assumed for the various thermal properties of the product. Numerical solutions are more versatile and such approaches (noted also as D) decimal reduction time or death rate constanttime at a constant temperature, T , required to reduce by 90% the initial spore load (or, in general, time required for 90% reduction of a heat labile substance), usually in min F z T (or simply F) time at a constant temperature, T , required to destroy a given percentage of microorganisms whose thermal resistance is characterized by z, or, the equivalent processing time of a hypothetical thermal process at a constant temperature that produces the same effect (in terms of spore destruction) as the actual thermal process, usually in min F(r) initial particle temperature difference, defined by eqn (18), • C h p convective heat transfer coefficient at the particle surface, W/(m 2• C) I(λ i , λ j ) function defined by eqns (52) and (53) k p particle thermal conductivity, W/(m • C) m constant parameter defined by eqn (20) , dimensionless N spore load (or concentration of a heat labile substance), number of spores n constant parameter defined by eqn (21), dimensionless n unit outward normal vector at the particle surface R p radius of particle, m r radial position within the particle, defined by eqn (13) 
Symbols
Laplace transform * solution due to the unit instantaneous spherical surface temperature source
